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Abstract. On a Witt space, we identify the L 2 cohomology of 
iterated fibred cusp metrics with the middle perversity intersection 
cohomology of the corresponding stratified space. 

The Hodge theorem for smooth compact manifolds establishes an im- 
portant link between two analytic invariants of a manifold, the vector 
space of (L 2 ) harmonic forms over the manifold and the (L 2 ) cohomol- 
ogy, and a topological invariant of the manifold, the cohomology with 
real coefficients, calculated using cellular, simplicial or smooth deRham 
theory. In the 1980's Cheeger, together with Goresky and MacPherson 
[3], discovered that this important link extends to a subset of pseu- 
domanifolds called Witt spaces, where the relationship is between L 2 
cohomology with respect to an (incomplete) iterated conical metric and 
the (unique) middle perversity intersection cohomology, again with real 
coefficients. Several subsequent papers by various authors have further 
explored the links between intersection cohomology, and especially the 
middle perversity intersection cohomology when it is unique, and both 
L 2 harmonic forms and L 2 cohomology of noncompact or incomplete 
manifolds. 

We will not attempt to list all such papers, but rather focus on a few 
results which share a geometric similarity. The first such result is the 
proof of the Zucker conjecture by Saper and Stern, which says that the 
L 2 cohomology of a Hermitian locally symmetric space is isomorphic 
to the middle perversity intersection cohomology of its Borel-Bailey 
compactification [8J. The second result, by Timmerscheidt, is that 
the L 2 cohomology of the complement of a normal crossings divisor 
in a Kahler manifold, endowed with a particular complete metric, is 
isomorphic to the cohomology of its (smooth) compactification [B]. In 
[7], the first author and her collaborators proved that the space of L 2 
harmonic forms for a manifold with fibration boundary, endowed with a 
particular type of complete metric, is isomorphic to the image of lower 
middle perversity intersection cohomology in upper middle perversity 
intersection cohomology of its fibrewise compactification. All of these 
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results have in common that the metric in question is complete, and 
near each compactifying stratum has a hyperbolic cusp type behaviour 
on the link of that stratum. 

The purpose of this paper is to prove a general Hodge theorem along 
these geometric lines. That is, for any Witt space, X, it identifies the 
middle perversity intersection cohomology of X with the L 2 cohomol- 
ogy of the regular set X \ X sing , endowed with a complete "iterated 
fibred cusp" metric, which near the singular strata has hyperbolic cusp 
type behaviour on the link. The Kodaira decomposition theorem tells 
us that when the L 2 cohomology with respect to some metric is finite 
dimensional, it is isomorphic to the space of L 2 harmonic forms, so as a 
consequence, we also get an isomorphism to the space of L 2 harmonic 
forms for this metric. By reference to the theory of Hilbert complexes, 
see [2], we additionally obtain the corollary that the Hodge Laplacian 
associated to such a metric is Fredholm as an unbounded operator on 
the space of L 2 differential forms. 

First we must give the definition of the metrics we will consider. Let 
X be a smooth stratified space in the sense of [T], see also [TU] and 
[5J. In this case, there is an associated manifold with fibred corners, 
M. To each boundary hypersurface of M, we can make a choice of 
boundary defining function so that for each p G X, ing , there exists a 
neighborhood U of p of the form 

n = d(L) x v, 

where V is an open ball in the Euclidean space, L is a smooth stratified 
space and 

Ci(l) = [0,l) x xl/{0}xl 
is the cone over L. Under this identification, the parameter x can 
be chosen to corresponds to the boundary defining functions of the 
associated boundary hypersurface of the manifold with fibred corners 
M. In this case, we say U is a regular neighborhood of p in X. Such 
an associated set of boundary defining functions and neighborhoods is 
called a set of "control data". We can now define the metrics we will 
consider on M := X \ X sing — M\ dM. 

Definition 1. A quasi iterated fibred cusp metric is defined in- 
ductively on the depth of X to be a complete Riemannian metric g 
on the regular set M of X such that for any p G X sing and any reg- 
ular neighborhood U = C\ (L) x V of p, the restriction of g to U = 
1A \ (U H X, illg ) is quasi isometric to a metric of the form 

dx 2 

(1) 9u = — + 9v + x 2 g L , 
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where gy is a Riemannian metric on V and g^ is a quasi iterated fibred 
cusp metric on the interior L of L. 

We make two notes about these metrics. First of all, if we rearrange 
and change coordinates in (CQ), letting r = — log(x) G (e, oo), we find 
that the metric takes on the more familiar generalised hyperbolic cusp 
form on fibres: 

gu = dr 2 + e~ 2r g L + g v . 
Second, we note that the iterated fibred cusp metrics of [5] constitute 
a special case of quasi iterated fibred cusp metrics. In fact, quasi it- 
erated fibred cusp metrics could alternatively be defined as complete 
Riemannian metrics on the regular set M of X that are quasi-isometric 
to iterated fibred cusp metrics. Since the the L 2 cohomology on a Rie- 
mannian manifold depends only on the quasi-isometry class of the met- 
ric, considering this larger class of metrics leads to no extra difficulties. 
This also means that, when calculating the L 2 cohomology on a regular 
neighborhood U, we are free to consider a model metric as in Equation 

We may now state our result, which is for smooth stratified spaces 
satisfying the Witt condition [5J, namely, smooth stratified spaces with 
no codimension 1 stratum, and such that for any regular neighborhood 
U = Ci(L) x V, the link L is either odd dimensional or has vanishing 
lower middle perversity intersection cohomology in degree (dimL)/2. 

Theorem 2. Let g be a metric on the interior M of a smooth stratified 
Witt space, X, which is quasi-isometric to an iterated fibred cusp met- 
ric. Then the L 2 cohomology of (M, g) and the space of L 2 harmonic 
forms are naturally isomorphic to the middle perversity intersection 
cohomology of X, 

U* L2 (M,g) * L 2 H*(M,g) * IR*JX). 

Before we prove this result, we recall that the L 2 cohomology of a 
complete manifold may be computed from its complex of smooth L 2 
forms: 

• • • -*+ L 2 n k ~\M, g) -*U L 2 Q k (M, g) -± L 2 Q k +\M, g) - ■ • , 
where 

L 2 d n k -\M,g) = {ue L 2 Q k (M,g) ; du G L 2 Q k+1 (M, g)}. 
That is, the L 2 -cohomology is given by 
L 2 H k (M, g) := {cu G L 2 Q k (M,g) ; duj = 0}/{d V ; r, G L 2 d Q k (M,g)}. 
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We can turn this complex into a complex of sheaves over X as follows. 
Over each regular neighborhood W in J, we define the complex of In- 
forms associated to the iterated fibred cusp metric g by: 

• • • -JU L^(U, g) m\U, g) Lfa k +\n, g) ■ ■ • , 
where 

L 2 d Q k -\U,g) = {ue L 2 Q k {U,g) ; du G L 2 tt k+1 (U, g)}. 
This gives a complex of presheaves on X, 

<U L 2 d n k ~ l — L 2 n k L 2 n k+1 — 

These pre-sheaves may be sheafified to form the complex of sheaves 
that we also denote L d Q k on X. Before proving our main theorem, the 
following result will be useful. 

Lemma 3. For all k G No, the sheaf L d Q k on X is fine. 

Proof. We need to show that the sheaf Hom.z(L d Q k , L d Q k ) admits par- 
titions of unity. Let {Ui} be an open cover of X by open sets in M 
and regular neighborhoods in X. Since X is compact, we can assume 
this cover contains finitely many open sets. By slightly shrinking each 
of the Ui, we can get another cover {W{\ of the same form, where 
W i C Ui for each %. For each Hi contained in M, we can then consider 
a smooth nonnegative function pi 6 C^iUi) such that pi is nowhere zero 
on W i C Ui. When Ui is a regular neighborhood of a point Pi G dM 
of the form 

U i = C 1 (L i )xV i , 

we can take a nonnegative function pi G C^{Ui) with pi nowhere on 
W i to be of the form p { = tt*^ for some 0j G C£°([0, 1) x Vj), where 
VTj : Ci(L) x Vi — > [0, l) x x Vi is the obvious projection. In this way, we 
insure dpi G L°°fi 1 (M, g). This means the functions ipi = form a 

partition of unity for the sheaf H.om%(L d Q k , L 2 d Vt k ). 

□ 

We can now prove Theorem [2j 

Proof. We proceed by induction on the depth of X. If X has depth 
zero, the result follows from the standard Hodge theorem on compact 
manifolds. Suppose now that X has depth d and that the theorem 
holds for all Witt spaces of depth less than d. Given a point p in 
X \ M, we can find a regular neighborhood U of X of the form 

U=d(L) x V, 
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where V is an open ball in the Euclidean space and L is a smooth Witt 
stratified space. If gi is an iterated fibred cusp metric on the interior 
L of L and gv is a choice of Riemannian metric on V, then the metric 

dx 2 
71 



9u = — o- + 9v + £ 2 #l 
ar 



is an iterated fibered cusp metric on U = U\ (WnX sing ). In particular, 
gu is quasi-isometric to the restriction of g on U, so we can use gu 
instead of of g to compute the L 2 -cohomology of U. But for the metric 
gu, we can apply the Kunneth formula of Zucker [IT] , which gives, 



cfe 2 



L 2 H k (U,g) = 0Wff((0, 1), — ,k -i - -) ® L 2 H k (L, g L ), 



ar 

i=0 



where £ = dimL. Now, we have that Wif^O, 1), a) = {0} for 
a ^ and is infinite dimensional when a = 0, while 

WH ((0,1),— , a)- | Rj a<Q 

On the other hand, by our induction hypothesis, L 2 H*(L, g L ) = IH^(L). 

In particular, the Witt condition then implies that L 2 H^{L,gi) = {0} 
if £ is even. Putting these observations together, we obtain that 



L 2 H k {U) 



IHt(L), k< 



2 ' 



{0}, fc>§. 

In terms of the lower middle perversity m{£) = |_^irJ> this can be 
rewritten as 

LH W- \ {0}; k>£-2-m{£). 

Since p & X \ M was arbitrary, we can conclude by Proposition 1] 
that there is a natural isomorphism 

L 2 H*(M,g iic )^lE*jX). 

Since IH^(Jf) is finite dimensional, this means that, the ranges of d 
and its formal adjoint 5 g . dc are closed. From the Kodaira decomposition 
theorem, we conclude that the space of L 2 harmonic forms T-L* L2 {M, <?if c ) 
is naturally identified with L 2 H*(M, ga c ). □ 



This easily leads to the following consequences for the signature op- 
erator. 
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Corollary 4. Let g be an iterated fibred cusp metric on the interior 
M of a smooth Witt stratified space X . Then the associated signature 
operator D g = d + 5 g is Fredholm with index given by 

ind(D) = sgn(IH^(X)). 

Proof. This follows from the fact that the sheaf L 2 d Vt k is a locally self- 
dual sheaf, and the axiomatic characterisation of intersection cohomol- 
ogy. □ 
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